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Reminders & Announcements

* Deadline for Reviews: Friday Apr |st

— Submit via BCourses assignment or email with [stat2 | 2b] in subject
ine.

* Deadline for Final Project Proposal: Friday Apr 8th

— A short description of what you plan to do.

— Can be erther a software implementation, an oral presentation and/or a
tiny research project.

* lan Goodfellow's guest lecture Is cancelled
—replacement TBD.



Objectves

* (long) Review of previous lecture.

e Generative Adversarial Networks

—applications

* Maximum Entropy Distributions

—examples
—MCMC

* Self-Supervised learning

—word2vec

—slow feature analysis



* Latent Graphical Models or Mixtures.
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* Goal: given data X = {x;}; learn a reparametrization z; = ®(x;)
that approximates X well with minimal capacity.

€X
] P ~
T
< \Ij |

 [he model contains an encoder ® and a decoder V.

e [t Introduces an information bottleneck to characterize
input data from ambient space.
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~ Review:Auto encoders Geometric Interpretation

Qe) ={z s.t. |V(P(z)) —z| <€}

* [he reconstruction error approximates a distance to a
covering manifold of X.

* Intrinsic manifold coordinates “disentangle” factors.
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Review: EM and Variational Bound

* Q: Does the EM algorithm monotonically improve the

lIkelihood!?
e Assume for now that latent va
* For any distribution ¢(Z) over

atent variab

rlables are d

screte.

es, we have

log p(X | 0) = log (ZP(XaZ | 6 ) log (Zq pA. Z>‘ 9))

AL

) = £G.0)

(Jensen’s Inequality: E(f(X)) > f(E(X)) if f is convex )




* We can express the variational lower bound as

L(Qa(g) — aq(Z) :.ng(X,Z 9) — ﬂq(Z) 10g Q(Z)
= Ey(z) llogp(X,Z | 0)] + H(q) .

H(q): Entropy of ¢(Z).



* We can express the variational lower bound as

L(q,0) =Eyz) |

<1:q(Z) Og p(X7 A

e Also, we have

log p(X | 0)

L(q|lp) =

logp(X, Z

0)
0)

L2y 1og q(Z)
+ H(q) .

H(q): Entropy of ¢(Z).

= L(q,0) + KL(q(2)||p(z | z,0)) , where

2.t bg((;)

9

is the Kullback-Leibler divergence.



* For most models, the posterior Is analytically intractable:

L ple )
PN = 1 | (e de

|0



* For most models, the posterior Is analytically intractable:

p(x | 2)p(2)

p(z | x) =

* Variational Bayesian Inference: consic

[ plx | 2)p(2)dz’

Cr d paramec

1gle

family of approximations ¢(z | 8) and o

B

btimize varial

lonal

ower bound with respect to the variational parameters



Mean Field Variational Bayes

* Joint |||<e||hood of observed and latent varlables

p(X,Z | 0) f: generative model parameters

|2



Mean Field Variational Bayes

* Joint |||<e||hood of observed and latent varlables

p(X,Z | 0) f: generative model parameters

_et us consider a posterior approximation ¢(z|3) of the

P

orm

(2| B) = qu 2i | Bi) B: Variational parameters

- Mean-field approximation: we model hidden variables as being
independent.

|3



Mean Field Variational Bayes

* Joint |||<e||hood of observed and latent varlables

p(X,Z | 0) f: generative model parameters

* Let us consider a posterior approximation ¢(z|3) of the

P

orm

(2| B) = qu 2i | Bi) B: Variational parameters

- Mean-field approximation: we model hidden variables as being
independent.

* Corresponding lower-bound Is given by

ogp(X 6) > [ alz| B)log "7 Pz — By {lop(p(X. Z | 00} + Hla(= | 5)

| 4



* Goal: optimize lower-bound with respect to variational
Darameters.

* As we have seen, this Is equivalent to minimizing the
divergence between true and approximate posterior:

log p(X | 8) = L(6. 8) + Dicr.(qp(2)|Ip(2],6))

|5



Mean Field Variational Bayes

* Goal: optimize lower-bound with respect to variational
Darameters.

* As we have seen, this Is equivalent to minimizing the
divergence between true and approximate posterior:

logp(X | 0) = L(0,8) + Dxr(gs(2)|p(2],0))

e If q(z | B) is a factorial distribution, the entropy term is

tractable: H(q(2]8)) = Z[—[(qi(zi\ﬁi))

* Problematic term: V 5Bz log p(X, Z|0)

|16



o Mean Fle\d \/arlat|ona\ Bayes
[Pai Sl<ey Be/ jordan 2]

 Denote f(Z) =logp(X, Z|0)
e [hen

VEq18)f(Z VB/f
Z/fZV[sCIZW) Z

— [ #2)al=18)V s oga(z]8)d:
— E,{/(2)Vsloga(215)}

* Stochastic approximation of VgEq 5 /(%) :
N 1 S S
VB9 f(Z) = 5 > f(z*)Vglogq(=')8)

s<S5,z(s) ~q(z|B)
|7




* [he estimator of the gradient Is unbiased, but it may
suffer from large variance.

* We may need a large number S of samples to stabilize
the descent.

e Faster alternative!

|18



\/arla’uona\ Autoencoders

[ngma & \/\/e//mg 14, Rezende et al /4 |
e Recall the variational lower bouna:

log p(X | 0) = Bq(z1) {log(p(X, Z | 0)} + H(q(= | §)) + Drr(q(=IP)lIp(z]2, 6)
v
logp(X | 0) = L(0,8,X) + Drr(q(2|8)||p(2]X, 0))

|19



\/arla’uona\ Autoencoders

[K/ngma & \/\/e///ng | 4, Rezende et al. /4
e Recall the variational lower bouna:

log p(X | 0) = Bq(z1) {log(p(X, Z | 0)} + H(q(= | §)) + Drr(q(=IP)lIp(z]2, 6)
\
logp(X | 0) = L(0,8,X) + Drr(q(2|8)||p(2]X, 0))

* Can we optimize jointly both generative and variational
parameters efficiently?

20



\/arlat|ona\ Autoencoders

[K/ngma & \/\/e///ng |4, Rezende et al.’ /4
e Recall the variational lower bouna:

log p(X | 0) = Bq(z1) {log(p(X, Z | 0)} + H(q(= | §)) + Drr(q(=IP)lIp(z]2, 6)
\
logp(X | 0) = L(0,8,X) + Drr(q(2|8)||p(2]X, 0))

* Can we optimize jointly generative and variational
barameters efficiently?

* For appropriate posterior approximations, we can
reparametrize samples as

7~ q(z2lz, 8) = Z £ ggle, ), €~ po
e.g. q(2[z,8) = N(z (), 5()) © 2 = p(z) + S(2)'2e, e~ N(0,1))

21




e [t results that
L(0,8,X)=—Dxr(qs(z|X)||pe(2)) + Eq, 21 x)1log p(X |2, 0)}

can be estimated via Monte-Carlo by

/\

L(0,8,X)=—-Dxr(qs(2|X)||pe(2)) + % > logp(X|2'*),6)

s<S

218 = g5(X,€l®)) and ) ~ py .

22



~ Variational Autoencoders

e [t results that
L(0,8,X)=—Dxr(qs(z|X)||pe(2)) + Eq, 21 x)1log p(X|2,0)}

can be estimated via Monte-Carlo by

/\

L(0,8,X)=—-Dxr(qs(2|X)||pe(2)) + % > logp(X|2'*),6)

s<S

218 = g5(X,€l®)) and ) ~ py .

* First term acts as a regularizer: limits the capacity of the
encoder

e Second term Is a reconstruction error.

23



* How to model = — gg(z,-) and z — py(-, 2)!

24



* How to model = — gg(z,-) and z — py(-, 2)!

* VAE Idea: use neural networks to approximate variational
and generative parameters.

25



* Example: Let the prior over latent variables be Gaussian
Isotropic:

p(z) = N(z;0,I)
e | et the conditional likelihood be also Gaussian:

p(z|z) = (x;u(2),2(2))  w(z),>%(z) : Neural networks

* Variational approximate posterior also Gaussian:

(2),2(z) : Neural networks, (X diagonal)

1
7 ~q3(z|r) & Z =T7(x) + Z(x) %€, e ~ N(0,1)

26



* Examples using a two-dimensional latent space:
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(b) Learned MNIST manifold
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(a) Learned Frey Face manifold



* Increasing latent dimensionality:
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(b) 5-D latent space (c) 10-D latent space (d) 20-D latent space

(a) 2-D latent space
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Extensions to semi-supervised learning

* Semi-supervised learning:

We observe {z;}i<r, and {z;,y;}i<r,, With z; ~ p(z), x; ~ p(x).
L1 > Lo

\\6//
\\8//

\\5//

29



* “Semi-supervised Learning with Deep Generative Networks”,
Kingma et al,’ [ 4.

e | abels are treated as erther observed or hidden.

labels

30



* “Semi-supervised Learning with Deep Generative Networks”,
Kingma et al,’ [ 4.

* For datapoint with labels:
og po (T, y) > By, (2)a,y) (logpa(Tly, 2) +logpe(y) + log p(z) — log (2|, y))

* For datapoint with no labels:

log po(x) > Eqgy(y,212) (log po(xly, 2) + logpe(y) + log p(2) — log qs(z, y|x))

31



* “Semi-supervised Learning with Deep Generative Networks”

Kingma et al,’ [ 4.

e Classification results on MNIST:

Table 1: Benchmark results of semi-supervised classification on MNIST with few labels.

N | NN CNN TSVM  CAE MTC  AtlasRBF | MI+TSVM M2 MI1+M2

100 25.81 22.98 16.81 13.47 12.03  8.10 (£ 0.95) 11.82 (£ 0.25) 11.97 (£ 1.71)  3.33(£0.14)
600 11.44  7.68 6.16 6.3 5.13 - 572 (£ 0.049) 494 (£ 0.13) 2.59 (£ 0.05)
1000 | 10.7 6.45 5.38 4.77 3.64 3.68 (£ 0.12) | 4.24 (£ 0.07) 3.60 (4 0.56) 2.40 (£ 0.02)
3000 | 6.04 3.35 3.45 3.22 2.57 - 3.49 (4 0.04) 3.92 (£ 0.63) 2.18 (£ 0.04)

32
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» “Semi-supervised Learning with Deep Generative Networks

L4,

* Disentangling label ana

Kingma et @
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(a) Handwriting styles for MNIST obtained by fixing the class label and varying the 2D latent variable z
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(c) SVHN analogies

(b) MNIST analogies
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Other extenSIOﬂS e

. Incorporate MCMC steps into the var|at|ona|
approximation:

“Markov Chain Monte Carlo and Variational Inference:
Bridging the Gap”, Salimans et al’l 5

* Incorporate Importance Sam Img to Improve the )
Bort nce We/ghted Autoencoders
variational lower bound:
i B,grda et al Lé

N p(x, z;)
Ek(x) = Bz, ze~g(2)2) log _Z

zz\a;

vk, logp(z) > Lys1(z) > Li(z) , and

lim Lp(x) =logp(x) if p((xi ) is bounded .
2

k— 00 q



* Make posterior inference more flexible at small
computational cost using an inverse autoregressive
Gaussian model [Kingma, Salimans, Welling, ' | 6].
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* Restricted Boltzmann Machines
are undirected graphical mode

00?00

'Smolenski'86,Hinton, 02 ]

s with binary variables

x (visible)

z (hidden)

p(x,z) = exp ((01, 22" ) + (02, 2) + (03, 2) — log A(0))

00000 : (visiblc)
f

21 (hidden)
f

: 25 (hidden)

21 (hidden)

36

* Deep Belief Networks [Hinton et al'02]



* Deep Boltzmann Machines [Saladutnikov & Hinton,09]

@ @ ? ® ® < (visible) Can be trained

z1 (hidden) greedily layer-wise

!

25 (hidden)
4

21 (hidden)

* See also:
* Wake-Sleep [Hinton et al'95]
* Generative Stochastic Networks [Bengio, | 3].

37



Limits of Mixture Models

models.

* Inference can be computationally expensive for large

* [he modeling p(z)Is reduced to the task of modeling

p(z|2)

* Q: How to account for image variability?
- p(z|z) = N(P(2), 3(2)) corresponds to a model of additive

variability:
r=®(z2) +

e, e ~N(0,3(2)) 1/9 2
—logp(z|2) o ||B(2) V2 (x — ®(2))||

- In particular; can we guarantee that |p(x,) — p(x)| < ||7]| with a

Mixture moc
- Modeling hig

el?
nly non-Gaussian textures!

- Gausslan like

iIhoods tend to suffer from regression to the mean.
38



* Flows or Transports of Measure

high-dimensional space @

) defined 1mp11(:1tly with

latent space

@ h
* o h~ph)
GAN
NormfFlow

/ flzx)p(x)dr = / f(d h)dh , ¥V f measurable



* How to train the transport &/

* We saw two methods:
— Directly by optimizing data log-likelihood [Normalizing Flows]

—Using a Discriminative Model [Generative Adversarial Networks]

40



Normalizing Flows
~ [Variational Inference with Normalizing Flows, Rezende & Mohamed'l 5]

labak et al.’|
o Consider a diffeomorphism ® : RY — RY. [labak et al. 0]

o If 2 € RY is a random variable with density ¢(2),
what is the density of 2z’ = ®(2)?

* We have, for any measurable T,

8 a£G) = [ 1)

= [ (g = / F()(@7(2)| det(VE(2))d
/ (2 ~q(f(2))) ,with

Q(2') = q(2) [det VO(2)| ", z2=071(2') .

41



Normalizing Flows

*The density gx(z) obtained by transporting a base measure ¢
through a cascade of K diffeomorphisms ®;,..., ®Px is

2 =P o...P1(29) , with z9 ~ qo(2)

log qi (2) = log qo(20) Z log |det V,, ®pr| -
k<K

* One can parametrize invertible flows and use them

within the variational inference to improve the variational
approximation. [Rezende et al. | 5]

* Also considered in ["NICE"”, Dinh et al' 5].

42



| Dlﬁ‘usm and Non eqwhbmum Thermodynamms _
- [Soh Dickstein et al. 5]

e We can also consider infinitestmal flows:

86]5552) = F(qt(2)) » qo(2) = po(2) -

F describes the dynamics.

e For F = —A we have Gaussian diffusion.

It defines a Markov diffusion kernel that successively transtorms
data distribution po(x) into a tractable distribution 7 (x):

ﬂ@:/EMﬂﬂﬂm’

g(z TV 20y = 7 (0D |20 3,) B diffusion rate.

43



__ Diffusion and Non-equilibrium Thermodynamics

] '  [Sohl-Dickstein et al’[5]
he “forward  trajectory diffuses the data distribution

nto a tractable distribution, eg Gaussian.




Diffusion and Non-equilibrium Thermodynamics

) , | [Sohl-Dickstein et al.’ 5]
* [he “forward" trajectory diffuses the data distribution

into a tractable distribution, eg Gaussian.

* [he generative model learns how to reverse the
diffusion:

p(e® 1) = p(a™) [] pa®1z)
t<T

—1In the Iimit of Infinitesimal diffusion, the forward and backward kernel
have the same functional form (Gaussian).

—The parameters of the model are {p(zP, ¢), (2, t) i<t

 [he data likellhood admits a lower bound that can be
evaluated efficiently using annealed importance sampling.
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Diffusion and

' Dickstein et al.’| 5]
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and Non-equilibrium Thermodynamms

% [Sohl- al’l 5]
LT LE

samples
from the model

trained on
CIFAR-10




N Generatlve Adversarla\ Netvvorks

[Goodfellow et al, ' 4]



Generative Adversarial Networks

| [Goodfellow et al,, ' 4]
* Suppose we have a trainable black box generator:

trai%able » X ~ pg(z)




Generative Adversarial Networks

| [Goodfellow et al,, ' 4]
* Suppose we have a trainable black box generator:

trai%able » X ~ pg(z)

e Given observed data {X:}i; Xi ~ p(x), how to force our
generator to produce samples from p(z)?
training ’{Xz'}z' X, ~ p(x) »

data Discriminative
classifier

trai%able -{X;}i: X~ psl) 0

50



Generative Adversarial Networks

| [Goodfellow et al,, ' 4]
* Suppose we have a trainable black box generator:

trai%able » X ~ pg(z)

e Given observed data {X:}i; Xi ~ p(x), how to force our
generator to produce samples from p(z)?
training ’{Xz'}z' X, ~ p(x) »

data Discriminative
classifier

trai%able -{X;}i: X~ psl) 0

* [he generator should make the classification task as hard
as possible for any discriminator.

51



Generative Adversarial Networks

[Goodfellow et al,, ' 4]

* [rain generator and discriminator In a minimax setting:

tralning

data

»{Xiti; Xi~p(z)

D

y = 1:

4

Discriminative
classifier >

0 po(y|)

»{ Xt Xj ~pg(z)

Teal” samples

y = 0: “fake” samples

min max (
B v,

Y ~paara 108D0(Y = 1]z) +

52

Czmps log pg(y = O|a;')) .



* Q: Do we have consistency! (in the limit of infinite
capacity)



~ Generative Adversarial Networks

* Q: Do we have consistency! (in the limit of infinite
capacity)

Given current pg and pgata, the optimum discriminator is given by

pdata(x)

D(z) =p(y = 1|z) = P (@) + pa(@)

For each z,
Pdata () log D(x) + pg(x) log(1l — D(x)) = (Pdata(x) + ps(z)) (alogy + (1 — alog(l — 1)) .

L pdata,(x) o .
" Paata(®) tpa(z) T T bla) .

But
alogy + (1 —a)log(l —v) = —H(a) — Dxr(allp(y|z)) < —H(a)

54



~ Generative Adversarial Networks

e [t results that
min —H (&) is attained when o = 1/2, thus

PB (LZZ‘) — Pdata ($)

* In practice, however, we parametrize both generator and
discriminator using neural networks.

* Optimize the cost using gradient descent.

55



~ Generative Adversarial Training

R(3,0) =

(

<1:x’\“pclata logpe (y — 1‘33) —|_

min max F'((3, 6)

3 0

<1::Cfvpg 10gp9 (y — O|$)) )

» Challenge: it I1s unfeasible to optimize fully in the inner
discriminator loop:

0" (3) = arg mgme(ﬁ, d) .

G(B) = F(5,07(P))



~ Generative Adversarial Traning

R0 =

* Challenge:

(ﬂx,\,pdm log po(y = 1]|x) + Epnp, logpe(y = 0|$)) -

min max F(3,0)

it I1s unfeasible to optimize fully in the inner

discriminator loop:

07 (5) =

* |Indeed,

e Nlumerica

argmax F(3,6) . G(8) := F(8,67(5)

0G(B)
0p

=0 w.h.p.

approach: alternate k steps of discriminator

update wr

h | step of generator update.



* Initial GAN models were hard to scale to large input

domains.

* Laplacian Pyramid of Adversarial Networks significantly
improved quality by generating independently at each
scale.

* Laplacian Pyramids are invertible linear multi-scale

7 ; s

decomposltions: : f, ' y
[ ) s :
4 2 : | +-

7 lonin e
P e #i¢ 3
Ix."‘\“-«;'* K Jid
g . ) ol
[ 115

fisure source: http://sepwww.stanford.edi™
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http://sepwww.stanford.edu

* [raining procedure:

L I I
i
N Real/
I Generated?
[/
3

Real/
Generated?

Real/Generated?

% Lo
D m— — J —(+ )¢ - —L
h, ?
Z; Z3
Zy
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* Samples generated from the model:
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mproved multi-scale architecture and atgthr etal o)

Nlormalization:

256

A

Stride 2
_______ Stride 2|
Stride 2 16 :
| Stride 2
Project and reshape CONV 1
CONV 2 »
CONV 4 -
G(2)
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* Improved multi-scale architecture ana atghfor etal 1o]

Nlormalization:

man man woman
with glasses without glasses without glasses

woman with glasses



* GRAN [Generative Recurrent
Adversarial Nets, Im et al. | 6]

* Video Prediction [Mathieu et al. | ‘rﬂh"ﬂll]f\ l“

* CNIN Reconstruction [Brox et al. | 6]

* A very hot topic within the Deep
Learning community

64



Generative Adversarial Networks

* Some open research directions:
. Optimization:

|. How to ensure a correct algorithm?
2. Existence of a Lyapunov function!?

2. Statistics:

|. How to determine the discriminator power (eg VC-dimension) to
obtain consistent estimators!

2. Control of overfitting to the training distribution?

3. Applications:
—lLanguage Modeling
—Reinforcement Learning
— Algorithmic Tasks
—Importance Sampling
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Limits of Transportation Models

* Direct learning by Optimizing the flow requires back
bropagation through a term of the form

f(©) =logdet V&(x;; 0)

—Very expensive for generic transformations @
— Highly specific flows affect the flexibility of the model.

* Indirect learning by the Discriminative Adversarial Training
s implicit
—No cheap way to evaluate the density p(z)
— Also, no cheap way to do inference, e.g. p(z|x)

* How to regularize the density estimation?
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Motivation: Given a collection of discriminative
measurements ®(z) = {®;(z)},; , how can we build a
oenerative model?
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* Motivation: Given a collection of discriminative
measurements ®(x) = {®;(z)},;, how can we build a
oenerative model?

* Supervised Learning Setup:

A

Empirical training distribution p: {(z;,v:)} vy; € {1, K}

Empirical class-conditional moments:
e = E@py~p(@@)ly=k) k=1...K
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* Motivation: Given a collection of discriminative
measurements ®(x) = {®;(z)},;, how can we build a
oenerative model?

* Supervised Learning Setup:

A

Empirical training distribution p: {(z;,v:)} vy; € {1, K}

Empirical class-conditional moments:
e = E@py~p(@@)ly=k) k=1...K

* Necessary condition:
Class-conditional models pg(x) satisfy
Vk, Exop, ®(x) = pk
(Q: Does this completely specity pg?
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Gibbs Models

* Motivation: Given a collection of discriminative
measurements ®(x) = {®;(z)},;, how can we build a
oenerative model?

* Supervised Learning Setup:

A

Empirical training distribution p: {(z;,v:)} vy; € {1, K}

Empirical class-conditional moments:
e = E@py~p(@@)ly=k) k=1...K

* Necessary condition:
Class-conditional models pg(x) satisfy

Vk, Exop, ®(x) = pk
(Q: Does this completely specity pg 7 Clearly not
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Gibbs Models

* [ hus, we need a regularization principle.

* A"good” norm for probabllity distributions Is the entropy

H(p)

—Ellog p] = — / p(x)log p(z)dx

* [t captures a form of smoothness for probabillity

distr]

butions

—On compact domains, the maximum entropy distribution is the uniform
measure (maximally smooth)

—On non-compact domains, the max-entropy distribution might not
exist.

e [n ou
CcCoNs

raintsVv k

unce

r problem, we can use It to select, under the

oo () = g, those with maximum

rtainty (maximum smoothness).
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* We are thus Interested In the problem

max H (p)
p

s.t. Epp®(z) = p € R

» Constrained optimization that we approach using calculus
of variations

* Lagrangian of the problem Is

L(p, )\1, Cee >\d) = H(p) + Z)\J( ﬂxwpq)j(x) — ,uj) :

-~ [rostrtonie» [ oot




e [hus we have

OL
() = —logp(x) — 1+ ;)\J(I)J(ZE) =0
= logp(z) = Ao + Z Ai®,(x)
exp ( 2_; AjP;(z)
= p(z) = ( 7 )
where

A\; are Lagrange multipliers guaranteeing that E,,®;(z) = u,.
Z is a Lagrange multiplier guaranteeing that p(x) =1
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* Thus, given features ®(x), maximum entropy distributions
are In the exponential family given by

p(z) = exp ({A, ®(z)) — A(A))

* In a discriminative setting, the final model Is a mixture In
this exponential family:

k ~ cat{l, K}
v~ pr(r) = exp((Ar, (7)) = AAR)) 5 Eonp, P(2) = pi -

* [his model has many names:
— Gibbs, Boltzmann, “Energy-based” Model, MaxEnt, ...
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e Q: How to train this model!

—1.e. how to adjust the Lagrange multipliers?

e Q: How to train such a model without labels/
discriminative features?

—What criteria?
— Learn the sufficient statistics
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